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A Goldberg-Sachs theorem in dimension three 

Pawel Nurowski* & Arman Taghavi-ChaberP 


Abstract 

We prove a Goldberg-Sachs theorem in dimension three. To be precise, given a three-dimensional 
Lorentzian manifold satisfying the topological massive gravity equations, we provide necessary and suffi¬ 
cient conditions on the tracefree Ricci tensor for the existence of a null line distribution whose orthogonal 
complement is integrable and totally geodetic. This includes, in particular, Kundt spacetimes that are 
solutions of the topological massive gravity equations. 


1 Introduction 

The classical Goldberg-Sachs theorem |GS09] states that a four-dimensional Ricci-flat Lorentzian manifold 
(A4,g) admits a shear-free congruence of null geodesics if and only if its Weyl tensor is algebraically special. 
Here, the property of being algebraically special is based on the Petrov classification of the Weyl tensor 
[PetOO] . Since its original publication in 1962 the theorem has been generalised along two main directions: 

• First, it was shown to hold for Einstein Lorentzian manifolds, i.e. R a b = A.g a b for some constant A, 
and more general energy momentum tensors, such as R a b = A g a b + <f> k a kb, for some function $ and 
1-form k a with k a kbg ab = 0. Even weaker conditions involving the Cotton tensor have been formulated 
|KT62[lR.S63j for which the theorem holds too, thereby highlighting its conformal invariance. 

• Second, the theorem admits versions in any metric signatures }PB83llNur93iINur961 . : AG971 [NT021 
IGHNllj . providing, among others, an interesting result in four-dimensional Riemannian geometry 
stating that a four-dimensional Einstein Riemannian manifold locally admits a Hermitian structure if 
and only if its Weyl tensor is algebraically special. The key to the understanding of this generalisation 
is the fact that in four dimensions, a shear-free congruence of null geodesics and a Hermitian structure 
are both equivalent to an integrable totally null complex 2-plane distribution. The distinction between 
them is made by different reality structures. Thus, the Goldberg-Sachs theorem relates the existence 
of integrable null 2-plane distributions to the algebraic speciality of the Weyl tensor. 

The recent interest in solutions of Einstein equations in higher dimensions has generated much research 
into the generalisation of the Petrov classification of the Weyl tensor and the Goldberg-Sachs theorem to 
higher dimensions. One approach to the problem, advocated by | HM88l[NT021 . is to consider an (almost) 
null structure , i.e. a totally null complex m-plane distribution, on a 2m-dimensional (pseudo-)Riemannian 
manifold. Their importance in higher-dimensional black holes was highlighted in [MTlOj . Motivated by 
the conformal invariance and the underlying complex geometry of the theorem in dimension four, one of 
the authors (AT-C) proved a Goldberg-Sachs theorem in dimension five in [TCllj and higher in [TC12aj . 
Particularly relevant here is the version of the theorem in dimension 2 to + 1, in which an almost null structure 
is also defined to be a totally null complex m-plane distribution A/", say. The difference now is that Af has an 
orthogonal complement Af 1 - of rank m + 1, and the crucial point, here, is that the theorem of |TG12aj gives 
sufficient, conformally invariant, conditions on the Weyl tensor and the Cotton tensor for the integrability 
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of both N and Af ± , i.e. [r(7V),r(7V)] C T(Af) and [T(A/ ,_L ),r(A/’ J_ )] C F(A/’ ± ). More refined algebraic 
classifications of the curvature tensors depending on the concept of almost null structure can be found in 
[TC12b :» TC13 »P TC14 : inspired by [Je£95j. An alternative approach to the classification of the Weyl tensor 
of higher-dimensional Lorentzian manifolds is given in jCMPP04l . and a Goldberg-Sachs theorem in this 
setting has been given in |DRQ91l0PPR121l0PP13] . 

The aim of this paper is to consider yet another generalisation, by formulating the theorem in three 
dimensions. A priori, one would expect such a putative Goldberg-Sachs theorem to follow the same lines as 
in four and higher dimensions. However, there are a number of features of (pseudo-)Riemannian geometry 
specific to dimension three that prevent such a straightforward generalisation. 

• First, there is no Weyl tensor. 

• Then, Einstein metrics are necessarily of constant curvature. 

• Finally, an almost null structure (i.e. a totally null (complex) line distribution) M is always integrable, 
and the (conformally invariant) condition that its orthogonal complement AA 1 be integrable too does 
not impose any constraint on the curvature. Related to this is the fact that congruences of null geodesics 
are necessarily shear-free. 

To remedy these shortcomings, one is led to seek stronger conditions that must depend on the metric rather 
than the conformal structure of our manifold. To this end, we shall exploit the following special features of 
three-dimensional (pseudo-)Riemannian geometry. 

• From an algebraic point of view, the tracefree Ricci tensor $ a f, in dimension three behaves in the same 
way as the (anti-)self-dual Weyl tensor in dimension four, since they both belong to a five-dimensional 
irreducible (complex) representation of SL(2,C) or any of its real forms. This leads to a notion of 
algebi'aically special tracefree Ricci tensors in dimension three analogous to the one on the (anti-)self- 
dual Weyl tensor in dimension four, and a notion of multiple principal null structure , i.e. a preferred 
(complex) null line distribution. 

• The Cotton tensor A a b c can be Hodge-dualised to yield a tracefree symmetric tensor ( *A) a b of valence 
2 , and must then belong to the same (complex) representation as <& a b- 

• These properties allow us to weaken the Einstein equations to the equations governing topological 
massive gravity , }DJT82j . which relate $ a h and ( *A) a b as 

= — (*A) a b , R = 6 A = constant, 

m 

where A is the cosmological constant and m is a ‘mass’ parameter. In analogy to the Einstein equations, 
these equations can also be written as 

Rab 7\9abR A A g a b (* A) 0 fr 0 . 

2 m 

• There is a natural non-conformally invariant condition that a (multiple principal) null structure M 
can satisfy, namely that not only A f and A/’~ L be integrable, but that A/” 1- be totally geodetic , i.e. 
g(VxR Z)= 0 for all X,Y € r(Af^), Z e T(Af). 

Reality conditions imposed on the top of these features will also yield various geometric interpretations 
of a null structure in terms of congruences of real curves. With these considerations in mind, we shall prove 
ultimately the following theorem. 

Theorem 1.1 Let (Ad, < 7 ) be a three-dimensional Lorentzian manifold satisfying the topological massive 
gravity equations. Then the tracefree Ricci tensor is algebraically special if and only if (M,g) admits a 
divergence-free congruence of null geodesics (i.e. it is a Kundt spacetime) or a shear-free congruence of 
timelike geodesics. 
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In fact, it is shown in reference |CPS10bl that a Kundt spacetime that is also a solution of the topological 
massive gravity equations must be algebraically special, while the converse is left as an open problem. 
Theorem 11.11 thus gives an answer to this question. 

The strategy adapted in this paper is to use a Newman-Penrose formalism and the Petrov classification 
of the tracefree Ricci tensor in dimension three. While these have already been used in !M~\V~13 , we develop 
these tools from scratches, and our conventions will certainly differ. Theorem ll.il will in fact follow from more 
general theorems that we shall prove in the course of the article. A number of solutions of the topological 
massive gravity equations have been discovered in recent years, see jCPSlOallCPSlObj and references therein. 
In a subsequent paper, we shall give further explicit algebraically special solutions of the topological massive 
gravity equations. 

The structure of the paper is as follows. In section [2j we set up the scene with a short introduction 
of the Newman-Penrose formalism, and we review the background on the general geometric properties of 
null structures on (pseudo-)Riemannian manifolds in dimension three. Particularly relevant here are the 
notions of co-integrable and co-geodetic null structures of Definition 12.31 the latter being central to the 
Goldberg-Sachs theorem. 

This is taken further in section [3] where we examine the consequences of the reality conditions on a null 
structure, which may be understood as a congruence of curves that are either null or timelike. Propositions 
13.51 and l3.11l in particular give real interpretations of co-integrable and co-geodetic null structures. 

Section Q] focuses on the algebraic classification of the tracefree Ricci tensor. We introduce the definition 
of algebraically special Ricci tensors in Definition 14.31 based on the notion of principal null structure of 
Definitions im and 14.21 This leads to definitions of the complex Petrov types in section 14.11 and their real 
signature-dependent analogues in sections 14.2.11 and 14.2.21 

Curvature conditions for the existence of co-geodetic and parallel null structures are given in Proposition 
15.11 of section [5] 

The main results of this paper are contained in section [6] We initially give general results for a metric 
of any signature. We first give in Proposition 16.11 obstructions for a multiple principal null structure to be 
co-geodetic in terms of the Cotton tensor and the derivatives of the Ricci scalar. We then show in Theorems 
16.31 16.41 16.51 and 16.61 how the various algebraically special Petrov types guarantee the existence of a co- 
geodetic null structure. The converse, that a co-geodetic null structure implies algebraic speciality, is given 
in Theorem 16.71 The application to topological massive gravity in Theorem l6. 101 then follows naturally. The 
section is wrapped up by giving real versions |6.1 1 1 and 16 .1 21 of the Goldberg-Sachs theorem. 

We end the paper with three appendices. Appendix O contains a spinor calculus in three dimensions, 
which we then apply in Appendix [B] to derive a Newman-Penrose formalism adapted to a null structure. 
Finally, in AppendixjOwe have given alternative, manifestly invariant, proofs of the main theorems of section 
[6] in the language of spinors. 
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He would also like to thank the Centrum Fizyki Teoretycznej PAN for hospitality and financial support 
during his stay in Warsaw in the period 17-24 January 2015. 


2 Geometric considerations 

Throughout this section, we consider an oriented three-dimensional (pseudo-)Riemannian smooth manifold 
(A i,g). We shall make use of the abstract index notation of [PR84j . Upstairs and downstairs lower case 
Roman indices will refer to vector fields and 1-forms on A4 respectively, e.g. V a and a a , and similarly for 
more general tensor fields, e.g. T ab c d . Symmetrisation will be denoted by round brackets around a set of 
indices, and skew-symmetrisation by squared brackets, e.g. A^ ab ) = \ (A a b + Ab a ) and B[ ab ] = \ ( B a b — Bb a )■ 
Indices will be lowered and raised by the metric g a b and its inverse g ab whenever needs arise, e.g. V a = V b gb a 
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and a a = g ab a b , etc... Bold font will be used for vectors, forms and tensors whenever the index notation is 
suspended. 

The space of sections of a given vector bundle E, say, over A4 , will be denoted T(£ l ). The Lie bracket of 
two vector fields V and W will be denoted by [V , W]. 

The orientation on A4 will be given by a volume form e a b c on A4 satisfying the normalisation conditions 

e abc e def = (-1 ) q 6gf a g e b g f c] . e Q be e cde = (- 1)«2 ^ , e acd e bcd = (- 1)*2 g b a , e abc e abc = {-!)% , 

( 2 . 1 ) 

where q is the number of negative eigenvalues of the metric g ab . We can then eliminate 2-forms in favour of 
1-forms by means of the Hodge duality operation, i.e. 

(*a)a := \e bc a bc , 
for any 2-form a ab . 

The Levi-Civita connection of g ab , i.e. the unique torsion-free connection preserving g abl will be denoted 
V Q . The Riemann curvature tensor associated with V is defined by 

R nh fV d :=2V [Q V h] W. 


In three dimensions, the Riemann tensor decomposes as 
Rabcd = ^g[a\[c® d]\ b \ + g Rg[a\{c9d]\ b ] , 


( 2 . 2 ) 


where $ ab '■= Rab — \Rg ab and R are tracefree part of the Ricci tensor R ab := R acb c and the Ricci scalar 
respectively. In three dimensions, the Bianchi identity \7[ a R bc ]de = 0 is equivalent to the contracted Bianchi 
identity 

1 


V°$ fco --V Q i? = 0. 
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(2.3) 


For future use, we define the Schouten or Rho tensor 

Rab ■— *&a b Y TjRgab ■ 

To eliminate the use of fractions, we also set 

S '-=T2 R - 

With this convention, the Cotton tensor takes the form 

A a bc * = 2 V[t>P c ] a = 2 V[b^ c ]a T 2 g a [ b W C ]S . 

By construction, the Cotton tensor A abc satisfies the symmetry H[ abc ] = 0 and A a ab = 0. It also satisfies the 
condition 


(2.4) 


V a H abc = 0, (2.5) 

since commuting the covariant derivatives and using (12.31) and (12.21) give 

V a A abc = -2 V a V [b $ c]a + 2^^S = 2RZ^t^+ 2^/^= 0. 

It is more convenient to Hodge-dualise A abc to obtain the tensor of valence 2 

0 **) ab :=\e h cd A acd . (2.6) 

Dualising a second time over ab yields e a bc (*A) bc = A b ba = 0, which means that (*H) ob = (*A)( ab ). The 
Cotton tensor can then be expressed by 

( *A)ab = ~ e ( a \ • 
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2.1 Null structures in dimension three 

For the time being, we shall keep the discussion general, by considering an oriented three-dimensional 
(pseudo-)Rienrannian manifold (A 4,g) of any signature. We shall denote the complexification of the tangent 
bundle by T C A4. It will be often convenient to consider a complex-valued metric g c by extending g via 

g c (X + iY,Z + iW) = g{X 1 Z) - g(Y, W) + i (g(X, W) + g(Y , Z)) , 

for all X, Y,Z,W G T(TA4). For the remaining part of the paper, we shall omit the c on g c . It should be 
clear from the context whether we are using g or g c . 

Let Af be a line subbundle of the complexified tangent bundle T C M := C ® TA4, null with respect to 
the complexified metric, i.e. for any section fc° of A f, g a bk a k b = 0, and Af “ L the orthogonal complement of 
A f with respect to g ab , i.e. at any point p in Ad, 

Mp := {V a G TpAd : V a k b g ab = 0 , for all k a G Af p ) . 

We thus have a filtration A f C A f ± on T c Ad. 

Definition 2.1 We shall refer to a real or complex null line distribution on (A4,g) as a null structure. 

This is a three-dimensional specialisation of the notion of almost null structures presented in |TCl2aj 
(also referred to as 7 -plane distributions in | I C 18| ). Since A f is one-dimensional, A f is clearly automatically 
formally integrable, i.e. [F(A/"), T(A/")] C r(A/"), and we can unambiguously dispense with the word ‘almost’ 
in Definition 12.II 

2.2 Rudiments of Newman-Penrose formalism 

For most of the paper, it will be convenient to use the Newman-Penrose formalism as described in details 
in Appendix Q3] To do this we introduce a frame of T C A4 as follows. We fix a section k a of a given null 
structure Af, and choose a vector field £ a such that k a £ b g ab = 1. Clearly, i a is transversal to J\f ± . We also 
choose a section n a of AT 1 , not in A f, which we may normalise as n a n a = —I. 

Definition 2.2 We say that a frame (k a ,£ a ,n a ) is adapted to a null structure Af on (A4,g) if and only if 


k a generates Af and the metric can be expressed as 

gab — 2 k( a £ b j 2 Tlarib • (^■^) 

In fact, we have a class of frames adapted to the null structure, and any two frames in that class are 
related via the transformation 

k a ^ ak a , n a ^ b (n a + zk a ) , f a = a~ l (.T + 2 zn a + z 2 k a ) . ( 2 . 8 ) 

for some functions a, 2 and b where a is non-vanishing and b 2 = 1 . 

We can expand the covariant derivatives of the adapted frame vectors as follows 

V a k b = 2y k a k b + 2 e£ a k b — 4an a k b — 2 rk a n b — 2ti£ a n b + 4 pn a n b , (2-9) 

Va£ b = ~ 2 e £a£ b - 2 7 ka£ b + 4a n a £ b + 2 7r £ a n b + 2u k a n b - 4 g n a n b , (2.10) 

V a n b = —K,£ a £ b + vk a k b + 7 r £ a k b — t k a l b + 2 pn a £ b — 2 gn a k b , (2.11) 


where a, 7 , e, k. g, u, 7 r, p , and r are the connection coefficients, also known as Newman-Penrose coefficients. 
We shall also introduce the following notation for the frame derivatives: 

D := k a \7 a , A := fV a , S := n“V„ . 

The curvature components of V a and the Bianchi identies can then be expressed in terms of these coefficients 
and derivatives thereof, and their full description, also given in AppendixjBj is known as the Newman-Penrose 
equations. 
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2.3 Geometric properties 

While a null structure Af is always integrable, the following definition gives additional geometric conditions 
that A f can satisfy - these are related to the notion of intrinsic torsion examined in |TC13| . 

Definition 2.3 Let Af be a null structure on (A4,g). We say that 

• Af is co-integrable if its orthogonal complement A/’ _L is formally integrable, i.e. 

|T(A/' J -), r(A/’ ± )] C r(AT ± ); (2.12) 

• A/” is co-geodetic if its orthogonal complement A J’ ± is formally totally geodetic, i.e. 

g(V x Y, Z) = 0, for all X,Y £ T(Af ± ), Z £ T(Af); (2.13) 

• Af is parallel if VyX e T(Af) for all X £ F{Af), Y £ T(T7W). 

Using the standard formula [X,Y\ = V X Y — VyX for any vector fields X,Y £ r(T c A4), one can 
prove the following lemma [TC13I . 

Lemma 2.4 Let AT be a null structure on (A4,g). Then 

Af is parallel => Af is co-geodetic => Af is co-integrable. 

Remark 2.5 Note that in three dimensions, unlike in higher odd dimensions, a null structure Af automat¬ 
ically satisfies VyX £ F(Af J ~) for all X £ r(A f), Y £ r(TA4), as can be read off from (12.91) . 

Remark 2.6 Of the three geometric properties listed in Definition 12.31 only the property that Af be co- 
integrable is conformally invariant since it depends only on the Lie bracket. The remaining properties break 
conformal invariance - see [TC13I for details. 

ft is convenient to re-express condition (12.121) and (12.131) in terms of the Levi-Civita connection as given 
in the following proposition. 


Proposition 2.7 Let Af 

Af is co-integrable 
Af is co-geodetic 


be a null structure on (A4,g), and let k a be a generator ofAf. Then 

k [a W b k c] =0 ( 'k b V b k [a ) k b] = 0, 

<*=► k a S7 b k b - k b \7 b k a = 0 <*=► k [a (V 6] k [c ) k d] = 0. 


(2.14) 

(2.15) 


Remark 2.8 Conditions (12.141) tell us that any generator of Af is formally geodetic, or equivalently in 
three dimensions, formally twist-free, or equivalently, formally shear-free, i.e. Ckg a b oc g a b (mod k^ a a b )). 
Conditions (12.151) tell us that any generator of Af is formally geodetic and divergence-free. 

Proof. Let k a be a generator of Af. In terms of the Newman-Penrose coefficients, we have 

Af is co-integrable k = 0, 

which follows from 


[D, <5] = 2 p5 + (tt — 2 a) D — kA . 
On the other hand, comparison with 
(. Dk [a ) k b ^ = -4 Kn [a 0 , 


k[ a A7 b k c ] = —4 k k[ a £bn c ], 


(El 
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establishes the equivalence (12.141) . 

Further, since (12.131) can be expressed as n a Dk a = 2 n and n a Sk a = 2 p in our null basis, we have 
A f is co-geodetic 4=> k = p = 0. 

Comparison with 

k a 'S7 h k b - Dk a =4 {nn a - pk a ) , 

establishes the equivalence (12.151) . □ 

Another way to express the condition for a null structure to be co-geodetic is given by the following 
proposition. 

Proposition 2.9 Locally, there is a one-to-one correspondence between closed and co-closed complex-valued 
1-forms and co-geodetic null structures. 

Proof. We note that a co-integrable null structure A f is equivalent to its generator k a , say, satisfying 
fc[„V h fc c ] = 0 since k a is also the annihilator of A/W We can always rescale k a to make it closed, i.e. 
V[(,fc c ] = 0 - for details, see Lemma 5.1 in HN09] . In this case, k a also satisfies k a ’S/ a k b = 0. If in addition 
A f is co-geodetic, then using the equivalence (12.151) . we have V“fc 0 = 0, i.e. k a is coclosed. The converse is 
also true. □ 

A generalisation to higher dimensions applicable to higher valence spinor fields in the analytic case is 
given in |TC13| . 

As we shall see in the next section, the differential conditions on a null structure Af will yield quite 
different geometric interpretations depending on the signature of g. 

2.4 Relation to harmonic morphisms 

Definition 2.10 t |BW88UBW9R| l Let ip : Ad —> C be a complex-valued smooth map on Ad. We say 
that ip is horizontal conformal if it satisfies (V a </?)(V a tp) = 0, and a harmonic morphism if it satisfies 
(V«V)(V„¥>) = V“V a¥ > = 0. 

With reference to the proof of Proposition 12.91 we can rescale a generator k a of a co-integrable null structure 
A f such that k a = V a <p. Since such a k a is null, ip is a horizontal conformal map. If A f is also co-geodetic, 
k a is also co-closed and ip must be a harmonic morphism. Summarising, 

Corollary 2.11 On a three-dimensional (pseudo-)Riemannian manifold, locally, there is a one-to-one cor¬ 
respondence between 

• horizontal conformal maps and co-integrable null structures; 

• harmonic morphisms and co-geodetic null structures. 


3 Real metrics 


As before, ( A4,g) will denote an oriented three-dimensional (pseudo-)Riemannian manifold. So far the 
discussion has been independent of the signature of the metric g. Different metric signatures will induce 
different reality conditions on T c Ad, and consequently, different geometric interpretations of a null stucture 
AT. As is standard, the complex conjugate of A f will be denoted A f. We start with the following definition. 


Definition 3.1 ([KT92lKop97|) The real index of a null structure Af on (Ad, g) at a point p is the dimension 


of the intersection Af p D A/^. 


Lemma 3.2 (|KT921[Kop97|) At any point, the real index of a null structure Af on ( M,g ) must be 
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• 0 when g has signature (3,0); 

• either 0 or 1 when g has signature (2,1). 

3.1 Lorentzian signature 

Assume that (A4,g) is an oriented Lorentzian manifold with signature (2,1). The geometrical features of a 
null structure of real index 0 or real index 1 are discussed separately. 

3.1.1 Real index 0 

We shall exhibit the relation between null structures of real index 0 and congruences of timelike curves. In 
particular, we shall also show that a co-geodetic null structure is equivalent to the existence of a shear-free 
congruence of timelike geodesics. 

Assume that A f is of real index 0. Then Af is a complex distribution, whose real and imaginary parts 
span a spacelike distribution 'R{Af © AT) . The orthogonal complement of 5ft(A/” © AT) is necessarily timelike 
and orthogonal to both Af and Af. Let u a be a unit timelike vector field generating this timelike distribution, 
i.e. u a satisfies u a u a = —1- There is a sign ambiguity in the definition of u a , which can be fixed by a choice 
of time-orientation. In this case, the metric takes the form 

gab — hab UaUb ■ (3.1) 

where h a b is annhilated by u a , i.e. h a bu a = 0. The orientation of (AA,g) given by the volume form e a bc 
normalised as in m with q = 1 allows us to Hodge-dualise the timelike vector field u a to produce a 2-form 
LOab, i-e. 

(dab •— &abc'U j • 

This in turns yields an endomorphism 
J a b =uj ac g c \ 

on TAd, which can be seen to satisfy 

Ja C J c b = -K\ u b J b a =0. (3.2) 

This yields a splitting of the complexified tangent bundle 
T c Ad = T^ 1,0 ) © T^ 0,1 ) © id 0,0 ) , 

where T^ 1,0 ), T^ 0,1 ^ and T^ 0,0 ^ are the —i-, +i- and O-eigenbundles of J a b respectively. In particular, a null 
structure of index 0 yields a CR structure with a preferred splitting as described in [HN09] . 

In an adapted frame (fc°,£ a ,n a ), we have u a = \/2 n a with the following reality conditions 

(fc a ,r,n a ) i-^ (F.F.n 5 ) = (£ a ,fc a ,n°). 

Thus i a is the complex conjugate of k a , and n a is real. If our orientation is chosen such that 
&abc — Gifc[a^f) u c] 5 
then k a and k a := t a satisfy 

k b J b a = i k a , k b J b a = -i k a . 

At this stage, we remark that a unit timelike vector field determines a congruence of oriented timelike 
geodesics, and conversely, given such a congruence, we can always find a unit timelike vector field u a tangent 
to the curves of the congruence. Further, the effect of changing the orientation of u a will have the effect of 
interchanging the null structure A f and its complex conjugate Af. We can therefore summarise our results 
in the following way. 




Proposition 3.3 On an oriented and time-oriented three-dimensional Lorentzian manifold, there is a one- 
to-one correspondence between null structures and congruences of oriented timelike curves. 

It is convenient to encode the geometric properties of N and A/’ _L in the covariant derivative of u a . 
To characterise these properties, we decompose the covariant derivative of u a into irreducibles under the 
stabiliser of u a in SO(2,1) as recorded in the following definition. 

Definition 3.4 Let u a be a unit timelike vector field on (A 4,g) and U its associated congruence of oriented 
(timelike) curves. Then U is 


• geodetic if and only if 


u b \7 b u a = 0; 

(3.3) 

• twist-free if and only if 

(V [a u 6 ) u c ] = 0 ; 

(3.4) 

• divergence-free if and only if 

V c u c = 0; 

(3.5) 

• shear-free if and only if 

^(a'U'b) V Uc T (u V cU^af U b ^ — 0 . 

(3.6) 

Using the standard formula for the Lie derivative 

k-'u.hab — 2 V ( a U b j T 2 (u V U b j , 

(3.7) 

we can re-express the shear-free condition (13.61) as 

d-'uhab = k ab , 

(3.8) 


for some function Cl. 

These properties of the congruence U do not depend on the orientation of u a , and thus also apply to 
congruences of unoriented curves. 


Proposition 3.5 Let M be a null structure of real index 0 on equipped with a time-orientation, and 

let U be its associated congruence of oriented timelike curves. Then 

• N is co-integrable if and only if U is shear-free; 

• N is co-geodetic if and only if U is shear-free and geodetic. 

Proof. In terms of the Newman-Penrose formalism, and with suitable reality conditions, we have 


V a zi;, = -\fl ( nk a k b + nk a kb) + 2 ( pu a k b + pu a k b ) + -^=(r - r)u ab - -^=(t + T )h a b , 

so that taking the irreducible components, we obtained 

u b C7 b u a = -2 (pk a + pk a ) , 

[oT-b'j zAc] \pf ^ ^ 7 

C7 a u a = ~V2(T~f) , 

2V (a'Ub) ha b V u c T 2 (zi V cU^a) zzfr) 2"\/2 k a k b T k k a k b ) . 

The conclusion of the proof now follows from (the proof of) Proposition 12.71 


(3.9) 


□ 
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Local forms of metrics We now give the normal form of a metric admitting a shear-free congruence of 
timelike geodesics. 

Proposition 3.6 Let (A 4,g) be an oriented and time-oriented three-dimensional Lorentzian manifold ad¬ 
mitting a co-integrable null structure J\T, k a a section of M and u a the associated unit timelike vector field. 
Then, around each point, there exist coordinates ( t , z , z) such that the metric takes the form 

g = — (df — pdz — pdz) 2 + 2h 2 dzdz , (3.10) 

k = h~ x (df + pd t ) , u = d t , 

where h = h(z, z, t) and p = p(z , z, t). 

If N is co-geodetic, we have in addition 


d tP = 0. (3.11) 

Proof. We first note that the complex-valued 1-form k a satisfies fcr„ Vf,/c c i = 0. By a lemma of reference 
|HLN08j . k a can be put in the form k a = /iV a C for some real function h and complex function (j such that 
d£ A d£ ^ 0. We can therefore use ( and its complex conjugate ( as complex coordinates on (M,g). We can 
also choose a real coordinate t such that u a \7 a = jff- The metric must therefore take the form (13.101) . 
Further, the property that u a be geodetic can be expressed as 

0 = ~U b V b U a = U b {V a U b - Vftlta) , 

which leads to (13.111) . □ 

Remark 3.7 One can check that a null structure A f of real index 0 on a three-dimensional Lorentzian 
manifold ( M,g ) is also known as an almost contact Lorentzian structure - see [Calllj for details and gener¬ 
alisation to higher odd dimensions. The contact distribution is precisely annihilated by the timelike vector 
field u a . When the null structure is co-geodetic, the almost contact Lorentzian structure is said to be normal. 

3.1.2 Real index 1 

A null structure J\f of real index 1 satisfies dim (Af p DA 7 P ) = 1 at every point p G M. In particular, since A f 
is one-dimensional, it must be totally real. 

We can therefore introduce a totally real basis ( k a ,£ a ,u a ) of TAd, where k a is a generator of J\f , I a a 
null vector field transversal to A f 1 - such that k a I b g ab = 1, and u a a unit spacelike vector field in A f- 1 , i.e. 
u a u a = 1, and thus complementary to k a and I a . The Lorentzian metric then takes the form 

gab = ^ T n a U b . (3.12) 

Setting n a = an adapted frame ( k a ,I a ,n a ) can be recovered from (fc“,f,«“), in which case it satisfies 

the reality condition 

(fc“,r,n°) ^ (F,F,^) = ( k a ,t,-n a ). 

In what follows, we shall not be concerned with the orientation of k a , i.e. whether it is past-pointing or 
future-pointing. 

Definition 3.8 Let M be a null structure of real index 1 on (Ad,g), and k a a section of A f. Let K. be the 
congruence of null curves generated by k a . Then K, is 

• geodetic if and only if 

= 0 ; (3.13) 
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• divergence-free geodetic if and only if 

k a \7 b k b - k b S7 b k a = 0 . (3.14) 

Definition 3.9 A three-dimensional Lorentzian manifold equipped with a divergence-free congruence of null 
geodesics is called a Kundt spacetime. 

Remark 3.10 In dimensions greater than three, congruences of null geodesics are also characterised by 
their shear and twist , and a Kundt spacetime is usually defined as a Lorentzian manifold equipped with a 
shear-free, twist-free and divergence-free congruence of null geodesics. However, in three dimensions, any 
congruence of null geodesics has vanishing shear and twist. 

From Proposition 12.71 we now obtain the geometric interpretation of a null structure of real index 1. 

Proposition 3.11 Let Af be a null structured of real index 1 on (A i,g). Then 

• A f is co-integrable if and only if it generates a congruence of null geodesics. 

• Af is co-geodetic if and only if it generates a divergence-free congruence of null geodesics. 

3.2 Euclidean signature 

Assume now ( M,g) has Euclidean signature. Then a null structure is necessarily of real index 0, and an 
adapted frame {k a ,£ a ,n a } will satisfy the reality conditions 

{k a , £ a , n a } ^ {F, F, F} = {£“, k a , -n°} . 

Set k a := i a and u a := \fT\ n“, so that u a is a real spacelike vector of unit norm, i.e. u a u a = 1. We can then 
write the metric m as 

9ab = ^k {a k b )+u a u b . (3.15) 

Clearly, this setting is almost identical to the case where (At, g) has Lorentzian signature and is equipped 
with a null structure of real index 0. The only difference is that now u a is spacelike, rather than timelike. 
Real tensors oj ab and J a b are defined in exactly the same manner as in the Lorentzian case, and we now have 
hab = 2 k( a k b ^ — gab UaUb- 

The reader is invited to go through section 13. 1.1 1 with u a now spacelike. 

Remark 3.12 Following on from Remark 13.71 a null structure Af on a three-dimensional Riemannian man¬ 
ifold (A4,g) can be shown to be equivalent to an almost contact Riemannian (or metric) structure - see 
1CG90] and references therein for details. 

4 Algebraic classification of the tracefree Ricci tensor 

A special feature of the Riemann curvature of the Levi-Civita connection on a three-dimensional (pseudo- 
)Riemannian manifold (A i,g) is that it is entirely determined by the Ricci tensor. Its tracefree part $ a t, 
belongs to a five-dimensional irreducible representation of SO(3,C), and as for the Weyl tensor in four 
dimensions, we can introduce the notion of principal null structure to classify 4> a {,. 

Definition 4.1 Let Af be a null structure. We say that it is principal at a point p of A4 if a null vector 
generating Af p satisfies 

$abC{ b = 0, (4.1) 


at p. 
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Now, the space of all complex null vectors at a point is parametrised by points of the Riemann sphere 
S 2 = CP 1 . To be precise, using a standard chart on CP 1 , an arbitrary null vector, written in an adapted 
frame (fc°,£°,n a ), is of the form 

C(z) = k a +2zn a + z 2 £ a , (4.2) 

for some z £ C. The other standard chart on CP 1 is simply obtained by sending z to 2 _1 in (14.21) . Thus, to 
determine all the principal null structures at a point, it suffices to plug (14.21) into ED to form the quartic 
polynomial 

0 = $(z) := ,£ a (z)£ b (z) = $ 0 + 4 + 6 $ 2 2 2 + 4 $ 3 z 3 + $ 4 2 4 , (4.3) 

in C, where 

$o := \^abk a k b , := \® ab k a n b , $ 2 := \^ ah k a t = 1$ ab n a n b , 

$3:=^aA‘, 

Thus, a root z of (14.31) determines a principal null structure M where £ a (z) generates J\f at a point. 
Conversely, any principal null structure determines a unique root (up to multiplicity) of (14.31) at a point. 
In particular, the algebraic classification of the tracefree Ricci tensor boils down to the classification of the 
roots of (14.31) and their multiplicities. A full review of the classification of the Weyl tensor in four dimensions 
is given in (i 11 ,\ 11 . and we shall only recall their results closely following their terminology. 

Definition 4.2 Let Af be a principal null structure determined by a root 2 of the associated polynomial 
(14.31) at a point. We say that A f is multiple at that point if 2 is multiple. 

Definition 4.3 We say that 4> a f, is algebraically special at a point if it admits a multiple principal null 
structure at that point. 

Rather than considering the quartic polynomial (14.31) , it is convenient to consider the quartic homogeneous 
polynomial 

0 = $( 2 ) = ‘bABCD^^fZ 0 , (4.4) 

where E, A are now complex homogeneous coordinates on CP 1 , and ®abcd is an element of © 4 (C 2 )*, with 
the understanding that the upper case Roman indices take the values 0 and 1. We can then recover (1X31) 
by setting £^( 2 ) = o A + z l a where {o a ,l a } is a basis of C 2 . The roots of (14.41) then determine a unique 
factorisation (up to permutation of the factors) 

0 = $(2) = (d A a A )((; B p B )(t; c ic)(ti D 6 D ), 

where cxa, Pa, 7 a and 5a are elements (C 2 )* defined up to scale. In this case, we can write 
&ABCD oc a^ A p B ')c5 D ) ■ 

Multiplicities of the roots of (14.41) will be mirrored by some of the corresponding a a, Pa, 7 a and 5 a being 
proportional to each other. 

Remark 4.4 The above identification is 4> a b with <&abcd is a consequence of the local isomorphism of Lie 
groups SO(3, C) = SL(2, C) as explained in Appendix lAl where C 2 is identified with the spinor representation 
of SO(3, C). This is virtually identical to the treatment of the (anti-)self-dual part of the Weyl tensor in four 
dimensions [Pet0f)llWit591IPenfi0l . 
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4.1 Complex case 

If the metric is complex with no preferred reality condition imposed on it, the coefficients ($0, $1,$2, $3, $4) 
are generically complex, and the polynomial (14.31) has generically four distinct roots, and thus four distinct 
principal null structures. Following the notation of IPR86I . we can encode the multiplicities of the roots of 
(14.31) in a partition {ai, 02, 03,04} of the integer 4, where ai + 0,2 + 03 + 0,4 = 4. We shall omit those at from 
the partition whenever a* = 0. We thus obtain a Petrov classification of Q a b'- 


Petrov type 

{ai, 02, 03 , (14} 

$ABCD 

I 

{1,1,1,!} 

a(ApBlC&D) 

II 

{2,1,1} 

U(AOtBPclD) 

III 

{3,1} 

Ot(AOtBOtcPD) 

N 

{4} 

OlAOtBOtCOLD 

D 

{2,2} 

<A(a<abI3cPd) 

O 

{-} 

0 


Petrov types II, II, III and N single out a multiple principal null structure, and Petrov type D a pair of 
distinct multiple principal null structures. 


Remark 4.5 Suppose <E> a b is of Petrov type D so that the polynomial (14.31) has two distinct roots of mul¬ 
tiplicity two. Then we can always arrange that these roots are 0 and 00 in CP 1 , which is done by some 
suitable change of frame (12.81) by assuming, with no loss, that one of these roots is 0. In this case, we have 
a distinguished frame ( k a ,£ a ,n a ) adapted to both multiple principal null structures, namely k a and l a . 

Let k a be a generator of a null structure N . To verify whether Af is a (multiple) principal null structure, 
it suffices to check whether any of the following algebraic relations holds: 


Petrov type I: 
Petrov type II: 
Petrov type D: 
Petrov type III: 
Petrov type N: 


k a <S> ab k b = 0, 

k[a®b\ck c = 0, 

k[a$b]ck c = 0 and £[ a ^ b ]J c = 0 , 

k a $ab = 0 or k [a $ b][c k d] = 0 , 

^[a$6]c 0 , 


$o=0, 

$o = $1 = 0, 

$0 = $1 = 0 = $3 = $4 , 
$0 = $1 = $2 = 0 , 

$0 = $1 = $2 = $3 = 0 , 


where t a , in the case of Petrov type D, determines a multiple principal structure distinct from A f. 

Because of the importance of the Goldberg-Sachs theorem, we highlight the algebraically special condition 
of the tracefree Ricci tensor by means of the following proposition. In particular, the proofs of the various 
versions of the Goldberg-Sachs theorem in section [G] will impinge on it. 


Proposition 4.6 In an adapted frame, the tracefree Ricci tensor is algebraically special if and only if 

$0 = $1 = 0 . 


4.2 Real case 

4.2.1 Euclidean signature 

In Euclidean signature, the four roots of the polynomial (14.31) come in two complex conjugate pairs. Thus, 
we distinguish only two algebraic types: the generic type G, where the conjugate pairs of complex roots are 
distinct, and the special type D, where the pairs coincide. Notationally, we shall bracket a conjugate pair of 
complex roots, i.e. {l c , l c }, and where the c indicates that the root is complex. 


Petrov type 

{ai, 02,03,04} 

$ABCD 

G 

{{1 C ,1C},{1C 1C }} 

fiAfBrjCVD) 

D 

{{l c ,l c } 2 } 

{.(a£,b£c€d) 

O 

{-} 

0 
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Here, a'denotes a reality condition on (C 2 )* defined as follows: if = (£o,£i), then £4 = (—£i,£ 0 )- 

Since a null structure determines a unit vector u a (up to sign) and an endomorphism J a b as described 
in section 13.21 we can characterise principal null structures as follows 

Petrov type G: J (a c 4> fc)c = 0 or 2 U( a $ b][c u d] + u [a g b][c u d] u e u f $ ef = 0 , 

Petrov type D: J( a C ^b)c = 0 and U[ a $ b ] c ii c = 0 . 

Remark 4.7 In the context of almost contact metric manifolds (see Remarks 13.71 and 13.121) . the type D 
condition is equivalent to the manifold being rj-Einstein, i.e. the Ricci tensor takes the form R ab = a g ab + 
bu a u b for some unit vector u a and functions a and b , i.e. R = 3a — b and = | ( g ab + 3 u a u b ). 

4.2.2 Lorentzian signature 

In Lorentzian signature, the situation is a little more complex, and one distinguishes ten Petrov types 
including type O. Here, a root of (14.311 can either be real or complex. We distinguish the following cases, 
excluding type O: 

• If all roots are real, we obtain a totally real analogue of the complex Petrov types with five Petrov 
types denoted G r , II r , III r , N r and D r . Petrov types II r , III r and N r single out a multiple principal 
null structure of real index 1, and Petrov type D r a pair of distinct multiple principal null structures 
of real index 1 . 

• If all the roots are complex, they come in conjugate pairs, and we have two Petrov types, G and D as 
in the Euclidean case. Petrov type D singles out a complex conjugate pair of multiple principal null 
structures of real index 0 . 

• The remaining types, denoted SG and II, occur when has two real roots and one conjugate pair 
of complex roots. Petrov Type II singles out a multiple principal null structure of real index 1. 

Using the same notation as above to describe the degeneracy and reality of the roots of (14.311 . we obtain the 
following Petrov types of $ a {,: 


Petrov type 

{ai,a 2 ,a 3 ,a 4 } 

$ABCD 

G 

{{ 1 C , 1 C},{ 1 C ic }} 

^(A^BVCVD) 

SG 

{1,1,{1 C ,1C}} 

^(aPbijcVd) 

II 

{ 2 ,{ 1 C ,l c }} 

Ot(AO-BricflD) 

D 

{{1 C ,1 C ) 2 } 

^(A^BVcflD) 

G r 

{ 1 , 1 , 1 ,!} 

<X(aPb1c5d) 

II r 

{ 2 , 1 , 1 } 

a(A<XBPclD) 

III r 

{3,1} 

at(ACtBacPD) 

N r 

{4} 

OtAOtBOtC&D 

D r 

{ 2 , 2 } 

®(AC*bPcPd) 

0 

{-} 

0 


Characterisation of the Petrov types in terms of their principal null structures can be done as in the previous 
cases in the obvious way. 


5 Curvature conditions 

Before we move to our main results on the Goldberg-Sachs theorem, we remark that in three dimensions, 
unlike in higher dimensions [TC13| . the conformally invariant condition 

[r(AC),r(AC)] erf# 1 ), 
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for a null structure Af , imposes no constraint on the curvature. Non-trivial constraints on the Ricci curvature 
are expected to arise from non-conformally invariant conditions on Af |TC13j . In particular, we have the 
following proposition. 


Proposition 5.1 LetAf be a null structure on an oriented three-dimensional (pseudo-JRiemannian manifold 
(■ M,g ). 


• Suppose that Af is co-geodetic. Then Af is a principal null structure, i.e. 


k a k b <5> ab = 0 


(5.1) 


for any generator k a of Af. 

• Suppose Af is parallel. Then is algebraically special, i.e. 
k c $c[ a kb\ = 0 • 


(5.2) 


for any generator k a of Af. 

Proof. We use the Newman-Penrose formalism of appendix [B] adapted to Af. 

• By assumption, n = p = 0. Then, by equation (iBJl) . we have $o = 0. 

• By assumption, k = p = t = 0. Then, (IB.61) . (IB. 71) and (IB.8[) give = 0, $o = 0 and $2 = S 
respectively. 

This completes the proof. □ 

Remark 5.2 In anticipation of the Goldberg-Sachs theorem, which will be concerned with the relation 
between algebraically special tracefree Ricci tensors and co-geodetic null structures, the above proposition 
tells that the existence of a co-geodetic null structure Af already imposes algebraic constraints relating the 
curvature and Af. 


6 Main results 


Throughout this section, (A4,g) will denote an oriented three-dimensional (pseudo-)Riemannian manifold. 
As before, the tracefree Ricci tensor will be denoted by <h a {, and the Ricci scalar by R, and its scalar multiple 
S := joR- We also recall the definitions of the Cotton tensor and its Hodge dual: 



In particular, the components of A abc with respect to the frame ( k a ,£ a ,n a ) will be denoted 

A 0 := 2 A abc k a k b n c , A x := A abc k a k b i c , A 2 := 2 A abc k a n b i c , 

A 3 := A abc tk b t c , A 4 := 2 A abc i a n b t. 


( 6 . 1 ) 


The results of sections 16.1116.21 and 16.31 will be stated for an arbitrary complex-valued metric with no reality 
conditions imposed. 
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6.1 Obstructions to the existence of multiple co-geodetic null structures 

We first present results concerning curvature obstructions to the existence of multiple co-geodetic null struc¬ 
tures. 


Proposition 6.1 Let M be a null structure on (A i,g), and let k a be any generator of M. Suppose that Af 
is co-geodetic and multiple principal. 

• If 't’afa is of Petrov type II, then 

k a k b {A abc + 3g bc \7 a S) =0. (6.2) 


• If ®ab is of Petrov type III, then 

k a (A abc ~2g a[b V c] S)=0, k a k b A abc = 0, k a V a S = 0. (6.3) 

• If 'f’afc is of Petrov type N, then 

k c (A abc ~g ca V b S) = 0, k a A abc = 0, k [a V b] S = 0. (6.4) 

Proof. With reference to the Newman-Penrose formalism, and in a frame adapted to Af , we first note that 


Condition m 

Condition (16.31) 

Condition (16.41) 


I d o = 0, 

|di+3DS' = 0, 

A 0 = A 1 = 0, DS = 0 
A 2 + 2 SS = 0 . 


Aq — Ai — A 2 = 0, 


DS = SS = 0 
A 3 + AS = 0 . 


The assumption that A f is co-geodetic is simply k = 0 and p = 0. We now deal with each case separately, 
referring to the Newman-Penrose equations given in Appendix [B] 

• Assuming the type II condition, i.e. c E>o = 3>i = 0, we have 


(IBT81) : 
3 x (1BT51) + (iBTil : 


Aq = 0 , 
A± + 3DS = 0 . 


Assuming the type III condition, i.e. $ 0 = 4>i = $ 2 = 0, we have 


2 x (IbTTHI) 


dnusD 

(IBT81) 

(IBT91) 

(lB30l) 


DS = 0, 
Aq = 0 , 
Ai =0, 

A 2 + 2 SS = 0 . 


Assuming the type N condition, i.e. $ 0 

(IBT51) 

(IBT61) 

dEH 

EH 

(IbT201) 

(IbttI) + (IbT2T1) 


$1 = 4 > 2 = $3 = 0, we have 

DS = 0, 
SS = 0, 
A, = 0, 

Ai =0, 

A 2 = 0, 
A 3 + AS = 0 . 
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Comparison with the frame components m completes the proof. □ 

Remark 6.2 Proposition 16.11 also applies to tracefree Ricci tensors of Petrov type D, in which case one has 
a pair of distinct multiple principal null structures as described in Remark 14.51 

6.2 Algebraic speciality implies co-geodetic null structures 

We are now in the position of formulating the Goldberg-Sachs theorems (Theorems 16.3116.41 and 16.51) . along 
lines similar to Kundt & Thompson 1KT62I and Robinson & Schild [RS63I . Note however that unlike the 
versions of these authors, the following theorems are not conformally invariant. 

Theorem 6.3 (Petrov type II) Let Af be a multiple principal null structure on (A i,g). Assume that $ a f, 
is of Petrov type II and does not degenerate further. Suppose further that, for any generator k a of AT, 

k a k b (A abc + 3 g bc V a S) = 0 . (16.21) 

Then Af is co-geodetic. 

Proof. Assume that <I> a 5 is of Petrov type II, i.e. $0 = $1 = 0 in an adapted frame. In this case, the 
Newman-Penrose equations give 

(IB.181) : Aq = —12 k<1>2 , 

3 x CEGQ) + mm ■ A 1 + 3DS = —12 p$ 2 . 

The assumption (16.21) in an adapted frame tells us that the LHS of the above set of equations are precisely 
zero. Now, since $ a {, does not degenerate further, $ 2 7^ 0, so we conclude k = 0 and p = 0. □ 

Theorem 6.4 (Petrov type III) Let Af be a multiple principal null structure on (A i,g). Assume that 
&ab is of Petrov type III and does not degenerate further. Suppose further that, for any generator k a of Af, 

k a (A abc -2g a[b \7 c] S) =0, k a k b A abc = 0, k a \7 a S = 0, 

Then Af is co-geodetic. 

Proof. Assume that $ ab is of Petrov type III, i.e. $ 0 = $1 = $2 = 0 in an adapted frame. In this case, the 
Newman-Penrose equations give 

(IBT51) : DS = 2k4> 3 , 

(1BT81) : A 0 = 0 , 

(IB. 191) : A± = — 6k4>3, 

2 x flB3H) + jBD : A 2 + 2 5S =-8p<!> 3 . 

The assumption (16.31) in an adapted frame tells us that the LHS of the above set of equations are precisely 
zero. Now, since <l> a b does not degenerate further, $3 7^ 0, so we conclude k = 0 and p = 0. □ 

Theorem 6.5 (Petrov type N) Let Af be a multiple principal null structure on (AA,g). Assume that <f> a b 
is of Petrov type N and does not degenerate further. Suppose further that, for any generator k a of Af, 

k c (A abc -g ca V b S) = 0, k a A abc = 0, fc [a V b] S = 0, (E3D 

Then Af is co-geodetic. 
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Proof. Assume that d> a {, is of Petrov type N, i.e. $0 = $1 = $2 = $3 = 0 in an adapted frame. In this case, 
the Newman-Penrose equations give 


dm 

(EUD 

(iBdSl) 

(lBT9l) 

mm 

(Ell) + dESD 


ds = 0 , 

5S = «d>4 , 

Ao = 0 , 

Ai =0, 

A 2 = -2 K$4 , 
AS + A 3 = -4pd> 4 . 


The assumption (16.41) in an adapted frame tells us that the LHS of the above set of equations are precisely 
zero. Now, since d> ah does not degenerate further, d> 4 7^ 0, so we conclude k = 0 and p = 0. □ 


Theorem 6.6 (Petrov type D) Assume that d> a b is of Petrov type D with multiple principal null structures 
Af and A f on (A4,g), and does not degenerate further. Let k a and l a be any generators of Af and Af 
respectively, and suppose further that 

k a k b (A abc + 3 g bc V a S) = 0, tt b ( A abc + 3 g bc \7 a S) = 0. (6.5) 

Then both Af and Af' are co-geodetic. 

Proof. Assume that d> a b is of Petrov type D, i.e. d>o = dq = 0 = d> 3 = d>4 in a frame adapted to both Af 
and Af' as explained in Remark l4.51 In this case, we see that the additional constraints d>3 = d>4 = 0 do not 
affect any of the argument of the proof of Theorem 16.61 which impinges on the condition $2 7^ 0, and we 
can conclude Af is geodetic. 

To show that Af is integrable, we have to show that in an adapted frame, and with reference to the 
covariant derivative (12.101) of i a , the Newman-Penrose coefficients p and v should also be zero. But the 
Newman-Penrose equations give 

(IR221) : A4 = —12 j / 4> 2 , 

3 x (iBTTl) - (IB3T1) : A 3 - 3AS = -12 /rd> 2 . 

The assumption (16.51) in an adapted frame tells us that the LHS of the above set of equations are precisely 
zero. Now, since does not degenerate further, $2 7^ 0, so we conclude k = 0 and p = 0. □ 


6.3 Co-geodetic null structures implies algebraic speciality 

We now state and prove the converse to Theorems 16.3116.41 and 16.51 

Theorem 6.7 Let Af be a co-geodetic null structure on (A4,g). Suppose that, for any generator k a of Af, 


k a k b (A abc + 3 g bc V a S) = 0. (52* 

Then 4> a ;> is algebraically special with Af as multiple principal null structure. 

Proof. As always we work in an adapted frame and use the Newman-Penrose formalism, in which k = p = 0 
means that Af is co-geodetic. Then, assuming k = p = 0, we know by Proposition 15.11 that 4>o = 0. In this 
case, we have the following components of the Bianchi identity 

Dd> 2 - 2 (5$i - DS = (2 7T - 4 t - 4 a) 4>i, (TrT51) 

and of the Cotton tensor 

-4 1 = A 0 - 8 e$i, (IB. 181) 

2 — 3Z1$2 = Ai + (4 a — 4 r — 6 n) dq , (IB. 191) 

We proceed by steps: 


18 































• first, computing 3 x (IB. 1511 + (IB.191) yields 
-4<5$! = (Ai + 3 DS) - 8 (2r + a) $, ; 


( 6 . 6 ) 


• then 6 (IB. 181) — 11 (16. 61) gives 

4 [D, (5]$i = 6 Aq — D (Ai + 3D S') — 8 (Se — Da — 2 Dt) $i — 8 e (5$i + 8 (a + 2r) ; (6.7) 

• at this stage, we can substitute the commutation relation 

[D, 5} = {ir-2a)D, 

into the LHS of (16.71) . and the following components of the Ricci identity 
Dt = —2 $!, 

Da — 5e = —2 ea + ne — $i , 

together with (16.61) and (IB.181) into the RHS of (16.71) . to get 

4 (tt- 2a)D$i = 5A 0 -D(A 1 +3DS) + 2e (Hi +3DS) - 2 {a + 2r) A 0 

— 8 (2 ea — ire + 5 $i) $i — 16 e (2r^jy)^^FA^r(c^ + 2r) e$i ; (6.8) 

• subsituting (IB. 181) into the RHS of (16.81) and expanding yields 

40 ($i) 2 =5A 0 ~D(A 1 +3DS) + 2e (Hi + 3 DS) + (tt - 4r - 4a) A 0 ; (6.9) 


CES 

(lETel) 

(iBHOl) 


• finally, by condition (16.21) . the RHS of (16.91) vanishes identically and we conclude $i = 0. 

In summary, k = p = 0 implies $o = $i = 0, i.e. co-geodetic J\f implies algebraic speciality of $ a h with Af 
multiple principal null structure. □ 


6.4 Topological massive gravity 

Next, we consider the equations governing topological massive gravity. These are none other than Einstein’s 
equations with cosmological constant A in which the energy-momentum tensor is proportional to the Hodge- 
dual of the Cotton tensor, i.e. 


T A g a b — (*H) a f, . 

2 TO 

Here, to ^ 0 is a parameter of topological massive gravity theory, 
tracefree Ricci tensor and tracing yield the expressions 


( 6 . 10 ) 


Substituting the expression for the 


d’ab = —( *A) ab , 

TO 

R = 6 A = constant, 


( 6 . 11 ) 

( 6 . 12 ) 


equivalent to (16.101) . 


Remark 6.8 It is in fact sufficient to consider only (16.111) since (16.121) follows from it. To see this, we note 
that V a (*H) a b = 0 which follows from (12.51) . So, by (16.111) . V“$ a f, = 0. Now, the Bianchi identity (12.31) gives 
V a i? = 0, i.e. (16.121) . 
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A 3 , $4 = 


In an adapted frame, and with reference to (IB.2I) . equations (16.111) read as 


= - 


2y/2m 


-A 


o, 


<hi = - 


2\[2 m 


-A 1 , $2 = - 


2\[2m 


-A 9 


= — 


2\[2m 


i 9 

2y/2m 


A \, 

(6.13) 


where q = 0 in Euclidean signature, and q = 1 in Lorentzian signature. 

Lemma 6.9 Suppose (A i,g) is a solution of the topological massive gravity equations (16.111) and (16.121) . 

• If the tracefree Ricci tensor is of Petrov type II, then 

k a k b ( A abc + 3 g bc \7 a S ) = 0 . m 

• If the tracefree Ricci tensor is of Petrov type III, then 

k a (A abc -2g a[b V c] S)=0, k a k b A abc = 0, fc°V Q S = 0. O 

• If the tracefree Ricci tensor is of Petrov type N, then 

k c {A abc — g ca \7 b S) = 0, k a A abc = 0, k [a V b] S = 0. (EH) 

Proof. We first note that S = is constant by virtue of the topological massive gravity equations (16.121) . 
Consequently, equations a , a and dS3D , which we need to assert, are reduced to algebraic conditions 
on the Cotton tensor. More precisely, with respect to an adapted frame, we must now show that 

Petrov type II: $o = $i = 0 => A 0 = A\ = 0 , 

Petrov type III: <I>o = *^>1 = ^2 = 0 => A 0 = A\ = A 2 = 0 , 

Petrov type N: $ 0 = = $ 2 = $ 3 = o A 0 = A\ = A 2 = A 3 = 0. 

But the veracity of these statements follows from the topological massive gravity equations (16.111) , which are 
(16.131) in an adapted frame. □ 

Combining Theorems 16.31 RT~il 16.5116.61 and 16.71 leads to our main result. 

Theorem 6.10 Let (Ai,g) be an oriented three-dimensional (pseudo-)Riemannian manifold that is a solu¬ 
tion of the topological massive gravity equations, and assume that the Petrov type of the tracefree Ricci tensor 
$ a f, does not change in an open subset of A4. Then <& ab is algebraically special if and only if (A i,g) admits 
a co-geodetic null structure. 

6.5 Real versions 

All the theorems given in sections 16.1116.2116.31 and 16.41 can easily be adapted to the case where the metric is 
real-valued. The crucial points here are that 

• each of the algebraically special Petrov types of the tracefree Ricci tensor, as given in sections 14.2.11 
and 14.2.21 singles out multiple principal null structure of a particular real index, and 

• the real index r of this null structure yields a particular real geometric interpretation as given in section 
[3l i.e. a congruence of null curves when r = 1, or a congruence of timelike curves when r = 0. 

We shall only give real versions of Theorem 16.101 in the context of the topological massive gravity equa¬ 
tions. 
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Theorem 6.11 (Lorentzian Goldberg-Sachs theorem for Topological Massive Gravity) Let(Ai,g) 
be an oriented three-dimensional Lorentzian manifold that is a solution of the topological massive gravity 
equations. Then 

• (A i,g) admits a divergence-free congruence of null geodesics (i.e. is a Kundt spacetime) if and only if 
its tracefree Ricci tensor is of Petrov type II, II r , D r , III r or N r ; 

• (A4,g) admits two distinct divergence-free congruences of null geodesics if and only if its tracefree Ricci 
tensor is of Petrov type D r ; 

• (A i,g) admits a shear-free congruence of timelike geodesics if and only if its tracefree Ricci tensor is 
of Petrov type D. 

In fact, parts of Theorem 16. 11 1 were proved in reference in [CPSlObj : namely, that every Kundt spacetime 
that is solution of the topological massive gravity equations must be algebraically special. By Theorem l6.HI 
this exhausts all solutions of Petrov types II, II r , D r , III r or N r . All Petrov type D solutions of the topological 
massive gravity equations are also given in reference 1C PS lOal . Therefore, Theorem 16.111 tells us that these 
are the only possible algebraically special solutions of the topological massive gravity equations. 

For the sake of completeness, we state the Riemannian version of Theorem 16.121 

Theorem 6.12 (Riemannian Goldberg-Sachs theorem for Topological Massive Gravity) Let (M,g) 

be an oriented three-dimensional Riemannian manifold that is a solution of the topological massive gravity 
equations. Then (A4,g) admits a shear-free congruence of geodesics if and only if its tracefree Ricci tensor 
is algebraically special, i.e. of Petrov type D. 


A Spinor calculus in three dimensions 

Let (M,g) be a three-dimensional (pseudo-)Riemannian manifold, which we shall also assume to be oriented 
and equipped with a spin structure. To make the discussion signature-independent, we shall as before 
complexify both the tangent bundle TJV4 and g , and shall not assume the existence of any particular reality 
structure on T C A! preserving g. With these considerations, the spinor bundle S over A! is a complex rank-2 
vector bundle, whose sections will carry upstairs upper-case Roman indices, e.g. a A € T(S). Similarly, 
sections of the dual spinor bundle S* will carry downstairs upper-case Roman indices, e.g. / 3 a £ T(S*). The 
bundles S and S* are equipped with non-degenerate skew-symmetric 2-spinors eab and e AB respectively, 
which we shall choose to satisfy the normalisation condition 

£ac£ BC = 6 B , 

where 6 B is the identity on S. These bilinear forms establish an isomorphism between S and its dual S*, 
and we shall then raise and lower indices on spinors and dual spinors according to the convention 

a A = oPeba , P A = £ AB Pb ■ 

This spinor calculus is almost identical to the two-spinor calculus in four dimensions, except for the absence 
of chirality (i.e. of ‘primed’ spinor indices). 

We can consider the tensor product of any number copies of S. Since the fibers of S are two-dimensional, 
any skew-symnetric 2-spinor must be pure trace, i.e. 4>[ab] = ^£ab4>c C ■ I n particular, there is a natural 
isomorphism between © 2 5 and T c Ad, and, by Hodge duality, A 2 T c AI. This means that vector fields can 
be represented by a symmetric 2-spinor, i.e. 

V a = V AB . 
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where V AB = V (AB) . Here, we are employing the abstract index notation of |PR84| . For those uncomfortable 
with this approach, one can introduce 7-matrices ^f a AB to convert spinorial indices into tensorial ones and 
vice versa, i.e. 

V AB = R a 7 AB , 

These 7-matrices satisfy ^l^ aA C l b )BC = 9ab £ AB- 

As in four dimensions, the metric g ab can be reinterpreted as the outer product of two copies e ABl which 
we find to be 

gab = gABCD = 9(AB)(CD) = — £ A(C £ D)B ■ (A.l) 

It follows that the norm of any vector field V a at any point equals the Pfaffian of its corresponding spinor 
V AB , i.e. 


t ra a t/AB 

V T AB * 


V a V a = sacSbdV ab V cd . 

Hence, a non-zero vector field V a is null if and only if its corresponding spinor V AB has vanishing Pfaffian. 
Hence, V AB must be of rank 1, and we can write V AB = a A /3 B for some spinors a A and /3 A . In fact, 
using (IA.1D once more, we see that a A fi A = 0, and so /3 A must be proportional to a A . The constant of 
proportionality can be absorbed by the spinor so that 

Lemma A.l Any null vector field k a can be written in 

k a = k AB = f A f B , 

for some spinor field f A . 

In particular, there is a one-to-one correspondence 
spinor fields. 

Decomposition of a 2-form Any 2-form on Af can be expressed as 

(fab = <f[ab\ = 4>ABCD = <f(AB)(CD) = 4>ABGD = 2 £(A\{c4 , D)\B) (A.2) 

where (f AB = </>(ab) = \(f AC B C ■ 

Curvature spinors The decomposition rule (IA.2I) allows us to write the Riemann tensor as 
Rabcd = R(AB){CD)(EF)(GH) = 4 £(A\(C^D)\B)(E\(G£h)\F ) ■ 

where X AB cd = X^ ab ^cd) satisfies X AB cd = Xcdab- Writing 

2 *ABCD = *ab, R = R a a =:12S, 

for the tracefree Ricci tensor and the Ricci scalar respectively. Here the factor 2 preceding &abcd has been 
added for later convenience. We can show 

XaBCD = &ABCD + S £ A(C £ D)B ■ 

where $ AB cd = abcd) an< 4 -A acb G = 3 Se AB and X AB AB = 6 S'. Contracting yields 
Rab = 2 A' (j 4 |( GD )| B) - ^ £ (a\{c x D ) E e\b) ■ 


the form 


between null line subbundle of T c Af and lines of 
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Spinor geometry 


Applying the decomposition (IA.2I) to the commutator yields 


2 V[ a V b ] = Vab^cd ~ VcflV^ = 2 £(a\(c^ D )\b) (A.3) 

where \A ab Xc(-\XB )°> w hich on any spinor a A , acts as 

Oab& G = ~Xabd~ of* i (A.4) 

where X ABCD is the curvature spinor. 

The contracted Bianchi identitiy (12.311 in spinorial form reads 

X cd ^ C dab-XcdS = 0, (A.5) 

while the Cotton tensor (12.41) or (I2.6|) reads 

Aabcd = 4 V i yA E ®BCD)E • ( A - 6 ) 


As a matter of interest, we record the topological massive gravity equations (16.111) and (16.121) in spinorial 
form 




-A, 


2 S = A = constant, 


2^/2 m 

where q = 0 in Euclidean signature and q = 1 in Lorentzian signature, and m is a constant. 


A useful formula We can convenient split the image of <&abcd under the Dirac operator into irreducibles, 
in the sense of 

X a E ®bcde = ^ ( _ ^ £ a{bX EF ^cd)ef +^(a £ ^bcd)e) • 

Now, by the Bianchi identity (1A.5I) and the definition of the Cotton ‘spinor’ (1A.6I) . we obtain the useful 
identity 

Xa E ^bcde — 2 ( — 3£ A (bXcd)S + Aabcd^ ■ (A.7) 

Reality conditions When g has signature (3, 0) the spin group is isomorphic to SU(2), while when g has 
signature (2,1), the spin group is isomorphic to SL(2,R). Both are real forms of the complex Lie group 
SL(2,C). 


B A Newman-Penrose formalism in three dimensions 


Our starting point will be a spin dyad (o A , l a ) normalised to oa^ A = 1- We shall adopt the convention that 

o A = S A , l a = 5 a , l a = , oa = S a , 

where we think of 5 A as a Kronecker delta. Thus, to take the components of a spinor S ABC , say, with 
respect to this dyad, we shall write 

Sabco a o b o c = Sooo , Sabco a l b o c = Sq io • 

and so on. The spin-invariant bilinear form then takes the form eab = 2o[a^b]- With respect to the spin 
dyad, the components of sab and its inverse e AB are given by 

... _ -i _oi -10 -i 

£01 ^ —£l0 — t , £ — — £ — 1 . 


This normalised spin dyad determines a null triad 

k a := o A o B , r := i A i B , n a := o {A l b) , 

so that k a £ a = 1 and n a n b = — i, and all other contractions vanish. The metric then takes the form 

gab — 2 2 n a n b . (B.l) 
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Spin coefficients As before, we let V ab denote the Levi-Civita connection preserving g ab , and by exten¬ 
sion its lift to the spinor bundle. We introduce a connection d AB , which preserves g ab together with the spin 
dyad { o A , l a }. Then the difference between V ab and &ab on any spinor £ A will be given by 

V ab£ C = ^ab^ C + 7 abd C £ D > 


for some spinor 7 abcd = 7 ( ab)(cd )• This spinor can then be interpreted as the connection 1-form of the 
Levi-Civita connection. 

We define the following differential operators 


/D\ / o a o b X7 ab\ fk a V a \ 

I A ] := [ , A i n V AB = fV a 
\Sj \o a l b V ab J \n a \7aj 


Then, we can express the components of the connection 1-form 7 ^ bc° 


p 

T \ 

( 7oooo 

7oioo 

7noo 

a 

7 

:= 1 7oooi 

7oioi 

7noi 

P 


\7ooii 

7om 

7iin 


o B Do b 

o b 6ob 

o b Ao b \ 

l b Dob 

l b Sob 

i b Ao b 

l b Dlb 

l b Slb 

l b Al b ) 

n b Dkb 

n b Sk b 

n b Ak b 

\i b Dk b 

\£ b 8k b 

\t b Ak b 

- n b Dt b 

—n b S£ b 

—n b At b 


Expanding the covariant derivatives of fc°, £ a and n a in terms of the spin coefficients yield 

V a fc b = 27 k a k b + 2 e£ a k b — Aan a k b — 4 Tk a n b — 4 n£ a n b + 8 pn a n b , (12.911 

V a £ b = —2 e t a £ b — 2 7 k a £ b + 4 a n a £ b + 4 it £ a n b + 4 v k a n b — 8 g n a n b , (12.1011 

V a n b = —2 k £ a £ b + 2 vk a k b + 2 ir £ a k b — 2 r k a £ b + 4 p n a £ b — 4 g n a k b . (12.111) 


Curvature coefficients Similarly, the components of the tracefree Ricci tensor are given by 


(®o\ 




( §abcdo a o b o c 0 D \ 

$1 


4*oooi 


$ABCDO A o B o c l d 

<£>2 

:= 

$0011 

= 

®ABCDO A 0 B b C b D 



4*0111 


®ABCDO A l B l c l d 

W ) 


\ 4*1111 / 


\ &ABCDt A t B L C b D ) 


while those of the Cotton tensor by 


(A,\ 


^oooo'' 


( Aabcdo a o b o c 0 D \ 

A\ 


^ 4 oooi 


Aabcdo a o b o c b D 

^2 

■— 

A0011 

= 

Aabcdo a o b L C b D 

A3 


A0111 


Aabcdo a l b b C b D 

W 


\Au11) 


\ Aabcdl a l b l c l d / 


/ \^abk a k b \ 

\<5> ab k a n b 

\A> ab k a £ a = \<S> ab n a n b 


±<f> ab £ a n b 

\ \^ab£ a £ b 

) 


/ 2 A abc k a k b n c \ 


/—v / 2(—i) 9 (= *A) ab k a k b \ 

A , h a h b f c 


— v / 2(—i) 9 (*A) ab k a n b 

2 A abc k a n b £ c 

= 

—v / 2(—i) 9 (*A) ab k a £ b 

A , p a D>pc 


-\/2(-i) 9 (*A) ab £ a n b 

\2A abc £ a n b £ c J 


\-V2(-i)i (*A) ab £ a £ b J 


where q = 0 in Euclidean signature and q = 1 in Lorentzian signature, and we have assumed that the volume 
form is given by 


&abc i 9 6 \/2 k[ a £ b Tl c j ■ 
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Commutation relations The commutator of the Levi-Civita connection 
Vcd] = 2 7 j 4 B ( C £ 'V D )e ~ 2 7 CD ( j4 £ 'V B )e 
has components given by 


[D, A] =2 (n + t) S — 2 7 D — 2 eA , 

(B.3) 

[D, <5] = 2 pS + (tt — 2 a) D — kA , 

(B.4) 

[A, <5] = —2 pS + vD + (—r + 2 a) A . 

(B.5) 


Ricci identity The Ricci identity (IA.3I) together with (IA.4I) can be re-expressed as 


®ab1cde F ~9cd!abe F — 


1abe G 1cdg F 1cde G 1abg F ~~ lcDA Gr )GBE F + 1abg G 1gde F 1cdb G 1gae F + 1abd G 1gce F 


o ( £ AC®DBE F + £ AD^CBE F + £ BC®DAE F + £ BD^CAE F ) 


~ ( £ AC £ ED £ B F + £ ac £ eb £ d F + £ AD £ EC £ B F + £ AD £ EB £ C F 


+ £ BC £ ED £ A F + £ BC £ EA £ D F + £ BD £ EC £ A F + £ BD £ EA £ C F ) ■ 


Taking the various components with respect to the spin dyad { o A , i A } yields 


Dt — Ak = —4yK + 2 up + 2 t/9 — 2 $1, (B.6) 

-Dp — = 2 ep — 4 ok + 2 pp + ttk — kt — $0 , (B.7) 

Ap — <5 t = 2 yp — 2 pp + i/ft — tt + $2 — S , (B.8) 

-D7 — Ae = —4 67 — nv + T7r + 2 7ra + 2 ra — 2 $2 — S , (B.9) 

Da — Se = —2 ea — up, + pir + ne + 2 pa — K7 — $1, (B.10) 

Aa — 5j = 2 7a — T[i + pv — 2 pa + fc — T 7 + $3 , (B.ll) 

Df — A 7 t = —4 vc T 2 7rp + 2 rp — 2 4>3 , (B.12) 

Dp — <57 t = —2 pe + 7T7r + 2 pp — kj/ — $2 + 5, (B.13) 

Ap — 8v = 4 vol — 2 p7 — 2 pp + jgt — tv + 4>4 . (B.14) 


Bianchi identity The Bianchi identity (I A. 51) can be re-expressed as 


e AG e BD (Oab^cdef — dsFS) = 

£ AC £ BD ( , Jabc G ^defg + 7 abd G ^efcg + 1abe G ®fcdg + 1abf G ^cdeg) > 

so that taking components with respect to the spin dyad yields 

D$2 + A4>o — 2 <5$i — DS = (2 7 T — 4 t — 4a)$i — 2 k 4>3 + (4 7 — 2 p) 4>o + 6 p4>2 , (B.15) 

D4>3 + A$i — 2 54>2 — SS = (3 7T — 3 r) $2 + (4p — 2 e) $3 — k <1>4 + j/< 1 >o + (2 7 — 4p) $1, (B.16) 

D<1>4 + A4>2 — 2 (54> 3 — AS = (4 tt — 2 r + 4 a) $3 + (2 p — 4 e) $4 + 2 !/<!>! — 6 p4> 2 . (B.17) 

Cotton tensor Finally, from the definition (IA.6I) of the Cotton tensor , one obtains 

4 £EF d(A\F\$BCD)E = AabCD + E EF (l2 'Y(A\F\B G ®CD)EG + 4 7( j 4|F.E G ^|BC.D)g) ) 
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with components 

4 (<S$ 0 - £>$!) = A 0 + 4 (4 a - n) <f> 0 - 4 (4 p + 2 e) $i + 12 k<I > 2 , (B.18) 

A$o + 2<54>i — 3D4>2 = Ai + (2p, + 47)4>o + (4a — 4r — 6 7 t) 4 >i — 6+ 6 k<E >3 , (B.19) 

2A4>i - 2L)$ 3 = A 2 + 2 + 2 k4 > 4 + 47<&i + 4 e<t> 3 - 6 (n + r) <f> 2 , (B.20) 

—D$4 — 2 <5<I>3 + 3A<£>2 = A3 + (2 p + 4 e) $4 + (4 a — 4 7r — 6 r) <t>3 — 6 p$ 2 + 6 , (B.21) 

4 (-(S$ 4 + A$ 3 ) = A 4 + 4 (4 a - t) <f> 4 - 4 (4 p + 2 7) $3 + 12 z/$ 2 . (B.22) 


B.l Reality conditions 

There remain to impose suitable reality conditions on the null basis ( k a , £ a , n a ) so that the metric (IB. II) has 
the correct signature. These are listed together with their effects on the spin coefficients and the components 
of the tracefree Ricci tensor and Cotton tensor. 


Signature (3,0): {k a ,£ a ,n a } i-*- {k a ,£ a ,n a } = {£ a ,k a ,—n a } 



v —p 7r 


r -p 


• Signature (2,1): 

0 Real index 0: {k a ,£ a ,n a } >->■ {k a ,£ a ,n° : } = {£ a ,k a ,n a } 


—v —p —7r' 



—r — p —ki 


0 Real index 1: {k a ,£ a ,n a } 1 —> {k a ,£ a ,n a } = {k a ,£ a ,—n a } 



—k p 
e —a 


—r 1 

7 


-7T p —Vj 


(A 0 \ 
A 1 
A-2 

^3 

W 


1 y 


( M 

Ai 

A 2 

A 3 

W 


( a 4 \ 

—A 3 
A 2 
-A r 

\AoJ 


{Ao\ 
A 1 
d 2 

^3 

w 




/M 

di 

d-2 

d-3 

w 


-d 3 
—d 2 

-di 

v-v 


/M 

Ai 

^2 

^3 

W 


I ^ 


/do\ 

Ai 

^2 

^3 

w 


/-M 

Ai 

— a 2 

^3 

\-A 4 ) 
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C A spinorial approach to the Goldberg-Sachs theorem 

The aim of this appendix is to give alternative proofs for the results in the main text using the spinor 
calculus of Appendix[A] Throughout, (A4,g) will denote an oriented three-dimensional (pseudo-)Riemannian 
manifold. Recall that there is a one-to-one correspondence between projective spinor fields and null complex 
line distributions, i.e. null structures, on AT Some of the following results are already given and generalised 
to arbitrary dimensions in |TC12blfTC13| . 

The following proposition is a spinorial version of Proposition 12. 71 and relates the integrability properties 
of a null structure to differential conditions on its associated spinor field. 

Proposition C.l Let f A be a spinor field on (A4,g) with associated null structure N. Then 

A f is co-integrable <$=>• f A f, B ab£,c = 0, 

M is co-geodetic ' V ab£c = 0 , 

A f is parallel •<=>• £ C V ab£,c = 0 ■ 

Proof. The above result is already given in |TC13j . We can however use the NP formalism of appendix [Bl 
by taking o A := f A . Then 

o C Vaboc = klalb — 2po(^i B ) +r oaob ■ 

Contracting the free indices with instances of o A give conditions on re, p and r, which, with reference to the 
the expression for (V a /c[b) k c i, yields the result. □ 

Having translated the Lie bracket conditions of a null line and its orthogonal complement into spinorial 
differential equations, we can now re-express some of the results of sections [4j [5] and [6] In particular, with 
reference to Remark l4.41 the Petrov classification of the Weyl tensor can be expressed in the following terms. 

Lemma C.2 Let f A be a pure spinor field on (Ad,g) with associated null structure A f. Then 

• AT is a principal null structure if and only if &abcd£, A £ B f C f D = 0; 

• Tab is algebmically special, i.e. of Petrov type II with J\f as multiple principal null structure if and only 
if<f>ABCDf A i; B t; c = o; 

• >I> a b is of Petrov type III with AT as multiple principal null structure if and only if &ABCDf, A f B = 0; 

• Tab is of Petrov type N with Af as multiple principal null structure if and only if abcd^ A = 0. 

With this lemma, it is easy to compare the remaining results with those of sections [5] and [HI 

Proposition C.3 (Integrability condition) Let £ A be a spinor field on (M,g), and suppose it satisfies 
£ b £ C Vab£c = 0. (C.l) 

Then 

^ABCDi A f B f, C e = 0. (C.2) 

Our first aim is to reformulate the obstruction to the existence of a co-geodetic multiple principal null 
structure of the tracefree Ricci tensor. Proposition 16.11 gave conditions on the components of the Cotton 
tensor A a b c and the derivative of the Ricci scalar R. It turns out that the spinorial formalism gives very 
concise expressions for conditions (16.21) . (16.31) and (16.41) . Indeed using equation (1A.7[) . we obtain 

'If 3 f c a E ® bcde = Aabcd£, B f, C f, D + 3£4£' B £ C V bc .S', 

4 f C e^A E ^BCDE = A ABC of Z D + 2 U^BC^ - S AB f^ CD S , 
a E ^bcde = Aabcd£, d + GV BC S - ‘ 2 ‘ £ A(B^, D ^C)D S ■ 

We can now re-express Proposition 16.11 as 
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Proposition C.4 Let f A be a spinor field on (A4,g). Suppose f A satisfies 


£ b £ c V ab£,c = 0 ■ 


m 

' 

£ B £ C £ D $ ABCD = 0 = 

=> a e ®bcde = 0 , 

(C.3) 

£ c £ d <5>abcd =0 = 

=> £ C £ B V a e ®bcde = 0 , 

(C.4) 

f D i > ABCD =0 = 

=> f D S7 a e $bcde = 0 . 

(C.5) 


Proof. Assume f A satisfies (1C.II) . We first differentiate ^ABCD^ B f. C f. D = 0 so that 

0 = V a e (<f ) bcde( B £, C £, D ) = (V a e $bcde) f B f c f D + 3 §bcde (V a E £ B ) £ C t, D ■ 

The condition on $abcd can be rewritten as <4 'ABCDf C f D = fi^A^B for some <j>. The second term then 
becomes 3 </>£ B £ c V 4B £c> but this must vanish since f A satisfies (1C. ID . This proves (1C.3D . 

The remaining cases are similar and left to the reader. □ 

Remark C.5 Using the useful identity (IA.7D . it is straightforward to see that the conditions on the RHS of 
(1C.3D . (IC.4D and (IC.5D are equivalent to the tensorial expression (16.2D . (16.3D and (16.4D . 

For conciseness, we combine the statements of Theorems 16.31 l6~4l and 16751 into a single theorem. 

Theorem C.6 Let f A be a spinor field on (A i,g). Suppose f A satisfies any of the following conditions 

1. f B f c £ D abcd = 0 , £, c £ d $abcd 7^ 0, and a e $bcde = 0 ; 

2. f, c f D ^ABCD = 0 , (; d $abcd 0 and £ C ’£ D V A e $bcde = 0 ; 

3- £ d $abcd = 0, $abcd ^ 0 and f D S7 A E i ^bcde = 0. 

Then f A satisfies 

Z b £ C Vab& = o ■ fCU) 


Proof. We assume the conditions given in case [I] We first differentiate ®abcd£, B £ C £ D = 0 so that 

0 = S7 a e (^BCDE^ B f C f D ) = (V a e $bcde) ^ B f c f D + 3 $bcde (V a b £ b ) f c f D ■ 

Since &abcd does not degenerate further with respect to f A , we can write $abcd£, C £, D = 4>Ca^b for some 
non-vanishing (f>. Hence, 

0 = ef^A E ^BCDE + 3 cf^f^AB^C ■ 

By assumption, the first term vanishes, and since f> is non-vanishing, we conclude f B £ C V ^ B f,c = 0. 

We omit the proofs of the remaining cases, which are similar. □ 

Finally, Theorem 16.71 reads 

Theorem C.7 Let f A be a spinor field on (A i,g). Suppose f A satisfies 

= o, ra 

and 

ei C ^A E ^BCDE = 0 • (C.6) 

Then the tracefree Ricci tensor is algebraically special, i.e. 

$ABCDf B t; C £, D = 0 , 
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Proof. Assume f A satisfies (1C.II) . Then 

• we can write 

ae£,b = Va^b , £ C Vab£c = A£a£b ■ (C.7) 

for some t]a and A. Using the identity £cVab£ C — f,A^CB^ C = —£ C V cb£a tells us that 

A U=VA-V A Bt; B ■ (C.8) 

• by Proposition IC.3I the tracefree Ricci tensor satisfies 

<Ka = ^ABCDf B f C f, D (C.9) 

for some function <j>. 

Take the covariant derivative of (1C.91) and use the Leibnitz rule to get 

+ fV A E f E = 3 <$> BC de (V. 4 e £ b ) ft, 0 , (C.10) 

where we have made use of the curvature assumption (1C.61) . 

We shall now suppose that (j> does not vanish, and divide (1C.101) through by cj>. Then using (1C. II) . (IC.2I) . 
(1C.71) and (IC.8[) yields 

i B V AB \ncf=&r lA -4S7AB^ B — ola. (C.ll) 

The consistency condition for (1C.Ill) to be locally integrable can be obtained by applying £ B V ab to (1C. Ill) 
and commuting the derivatives: we find 

?Aa = £ b V b a c*a • (C.12) 

We proceed by checking that (1C.121) is indeed satisfied. Plugging the definition of qa in the RHS of (1C. Ill) 
into (1C.121) yields 

-6e 4 VAB?7 B +4 ^VabV b c ( C = -4r? A VAB<£ B ■ (C.13) 

By commuting the covariant derivatives, the second term on the LHS of (1C.131) becomes 

e 4 VABV B c £ C = -£ A VcbVV C + 2Z B U BC f 

= ~Vcb (^V V°) + (Vcb£ A ) (V s a £ C ) , 


where we have made use of the fact that £ b \3bc£ G = 0 in the first line, and the Leibnitz rule in the second 
line. The last term in the second line vanishes by symmetry consideration. Hence, using the definition of 
r] A in (1C.71) . we are left with £' 4 VabV b c t; c = —S7cb which on substitution into (1C. 131) leads to 

£ B V baV A = 0. But now observe that 

0 = UZ B VbCT} C = BC (t} C U) = BC (Z D V d C U) = ee^B C y D C U = ^ABCD^f^ > 

which shows that <&abcd is algebraically special in contradiction to our assumption that <fi is non-vanishing. 
Hence the result. □ 
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